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ON THE CYCLIC TORSION OF ELLIPTIC CURVES OVER
CUBIC NUMBER FIELDS (III)
JIAN WANG
Abstract. This is the third part of a series of papers discussing the cyclic
torsion subgroup of elliptic curves over cubic number fields. For N = 39, we
show that Z/NZ is not a subgroup of E(K)tor for any elliptic curve E over a
cubic number field K.
In [12], the author conjectured that Z/NZ is not a cyclic torsion subgroup of the
Mordell-Weil group of any elliptic curve over a cubic number field for 24 values of
N :
22, 24, 25, 26, 27, 28, 30, 32, 33, 35, 36, 39, 40,
42, 45, 49, 55, 63, 65, 77, 91, 121, 143, 169.
The cases N = 55, 65, 77, 91, 143, 169 were proved in the first part [12] of this
series of papers using refinements of a criterion originally due to Kamienny. The
cases N = 22, 25, 40, 49 were proved in the second part [13] of this series of papers
with the help of Kato’s result about the Birch and Swinnerton-Dyer conjecture
on modular abelian varieties. In this paper, we prove the N = 39 case, which is
Theorem 0.3.
Let N be a positive integer. Throughout this paper, X1(N) (resp. X0(N))
denotes the modular curve over Q associated to the congruence subgroup Γ1(N)
(resp. Γ0(N)). Y1(N) (resp. Y0(N)) denotes the corresponding affine curve without
cusps. J1(N) (resp. J0(N)) denotes the Jacobian of X1(N) (resp. X0(N)).
Let X0(N)
(d) be the d-th symmetric power of X0(N). Suppose K is a number
field of degree d over Q and x ∈ X(K). Let x1, · · · , xd be the images of x under
the distinct embeddings τi : K →֒ C, 1 ≤ i ≤ d. Define
Φ : X0(N)
(d) −→ J0(N)
by Φ(P1 + · · ·+ Pd) = [P1 + · · ·+ Pd − d∞] where [ ] denotes the divisor class.
Any point of Y1(N) is represented by (E,±P ), where E is an elliptic curve and
P ∈ E is a point of order N . Any point of Y0(N) is represented by (E,C), where E
is an elliptic curve and C ⊂ E is a cyclic subgroup of order N . The covering map
π : X1(N) −→ X0(N) sends (E,±P ) to (E, 〈P 〉), where 〈P 〉 is the cyclic subgroup
generated by P .
Let K be a number field with ring of integers OK , ℘ ⊂ OK a prime ideal lying
above p, k = Fq = OK/℘ its residue field. Let A be an abelian variety over K and
P ∈ A(K) a point of order N . Let A˜ be the fibre over k of the Ne´ron model of A,
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and let P˜ ∈ A˜(k) be the reduction of P . The following lemma (see, for instance,
[1, §7.3 Proposition 3]) shows that P˜ has order N when p ∤ N .
Lemma 0.1. Let m be a positive integer relatively prime to char(k). Then the
reduction map
A(K)[m] −→ A˜(k)
is injective.
For a square-freeN , the order h0(N) of J0(N)
c can be calculated by the following
formula due to Takagi [11]:
(0.1) h0(N) =
2f12a2a3
d
∏
χ6=1

 1
24
∏
p|N
(p+ χ([p]))


where f is the number of the prime factors ofN = p1 · · · pf , d = (12, p1−1, · · · , pf−
1), a2 = 2 if 2|N and N has a prime factor p with p ≡ 3 mod 4, a2 = 1 otherwise,
a3 = 3 if 3|N and N has a prime factor p with p ≡ 2 mod 3, a3 = 1 otherwise, χ
runs through all nontrivial characters of the group T (consisting of all the positive
divisors of N and isomorphic to (Z/2Z)f ) and p runs through all prime factors of
N .
Of the remaining 14 cases of N , 6 are square-free. The order h0(N) of J0(N)
c
is calculated and listed in Table 1.
Table 1. The order h0(N) of J0(N)
c
N 26 30 33 35 39 42
h0(N) 3 · 7 26 · 3 22 · 52 24 · 3 23 · 7 28 · 32
The following specialization lemma follows from the classification of Oort-Tate
[10] on finite flat group schemes of rank p (or more generally the classification of
finite flat group schemes of type (p, · · · , p) by Raynaud [9]). If the group scheme is
contained in an abelian variety, this lemma follows from elementary properties of
formal Lie groups (see, for example, the Appendix of Katz[5]).
Lemma 0.2 (Specialization Lemma). Let K be a number field. Let ℘ ⊂ OK be
a prime above p. Let A/K be an abelian variety. Suppose the ramification index
e℘(K/Q) < p− 1. Then the reduction map
Ψ : A(K)tor −→ A(Fp)
is injective.
Using the same method as that in [13] to show the finiteness of J1(N)(Q), we
can verify that J0(N)(Q) is finite for certain N . For the 24 cases we are interested
in, Table 2 is the result of calculations in Magma [6]. The second column t is the
number of non-isogenous modular abelian varieties in the decomposition J0(N) =⊕t
i=1A
mi
i . The third column list the dimension di and multiplicity mi of each Ai
(we omit mi if mi = 1). The fourth column verifies non-vanishing of L-series at 1
(a mark T means L(Ai, 1) 6= 0 is verified, otherwise we place a mark F ).
Theorem 0.3. If N = 39, then Z/NZ is not a subgroup of E(K)tor for any elliptic
curve E over a cubic number field K.
CYCLIC TORSION OF ELLIPTIC CURVES 3
Table 2. Decompostion of J0(N)
N t di(mi) L(Ai, 1) 6= 0
169 3 2, 3, 3 T,F , T
121 6 1, 1, 1, 1, 1, 1 F , T, T, T, T, T
49 1 1 T
25 1 0 −
27 1 1 T
32 1 1 T
143 5 1, 4, 6, 1, 1 F , T, T, T, T
91 4 1, 1, 2, 3 F ,F , T, T
65 3 1, 2, 2 F , T, T
39 2 1, 2 T, T
26 2 1, 1 T, T
77 6 1, 1, 1, 2, 1, 1 F , T, T, T, T, T
55 4 1, 2, 1, 1 T, T, T
33 3 1, 1, 1 T, T, T
22 2 1, 1 T, T
35 2 1, 2 T, T
63 4 1, 2, 1, 1 T, T, T, T
42 5 1, 1, 1, 1, 1 T, T, T, T, T
28 2 1, 1 T, T
45 3 1, 1, 1 T, T, T
30 3 1, 1, 1 T, T, T
40 3 1, 1, 1 T, T, T
36 1 1 T
24 1 1 T
Proof. Let p = 3 and N ′ = N/p. Let K be a cubic field and ℘ a prime of K over
p. As shown in the proof of Lemma 3.6 of [12], we can always choose ℘ such that
the residue field k = OK/℘ has degree 1 or 3 over Fp. Suppose x = π(E,±P ) ∈
Y0(N)(K), then E cannot have additive reduction since N > 4.
If k has degree 3, then e℘(K/Q) = 1 < p−1, by Lemma 0.2, E has multiplicative
reduction since N > (1 +
√
33)2. If k has degree 1, by Lemma 0.1, E also has
multiplicative reduction since N ′ > (1 +
√
3)2.
Since E has multiplicative reduction at ℘, then x specializes to a cusp of X˜0(N).
Recall the notation of τi and xi, 1 ≤ i ≤ 3. Then τi(K) is also a cubic field with
prime ideal τi(℘) over p and residue field ki = k. And τi(E) also has multiplicative
reduction at τi(℘). This means all the images x1, x2, x3 of x specialize to cusps of
X˜0(N). Let c1, c2, c3 be the cusps such that
xi ⊗ Fp = ci ⊗ Fp, 1 ≤ i ≤ 3
We know all the cusps of X0(N) are defined over Q(ζN ) [8]. As is seen in Table
1, the order of J0(N)
c is 23 · 7. Therefore by Lemma 0.1, the specialization map
Ψ : J0(N)(Q(ζN ))tor −→ J0(N)(Fp)
is injective.
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We know x1 + x2 + x3 is Q-rational. The data in Table 2 show the finiteness of
J0(N)(Q). So [x1 + x2 + x3 − 3∞] is in J0(N)(Q(ζN ))tor. By a theorem of Manin
[7] and Drinfeld [2], the difference of two cusps of X0(N) has finite order in J0(N).
So [c1 + c2 + c3 − 3∞] is also in J0(N)(Q(ζN ))tor. Therefore
Ψ([x1 + x2 + x3 − 3∞]) = Ψ([c1 + c2 + c3 − 3∞])
implies
[x1 + x2 + x3 − 3∞] = [c1 + c2 + c3 − 3∞]
Since X0(N) is not trigonal [4], then similar reasoning as in the proof of Propo-
sition 1 in Frey [3] shows that x1 + x2 + x3 = c1 + c2 + c3. This is a contradiction
because we assume x is a noncuspidal point.

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